We investigate the properties of the optical output fields from a cavity optomechanical system, where the cavity is driven by a strong coupling and a weak probe optical fields and the mechanical resonator is driven by a coherent mechanical pump. When the frequency of the mechanical pump matches the frequency difference between the coupling and probe optical fields, due to the interference between the different optical components at the same frequency, we demonstrate that the large positive or negative group delay of the output field at the frequency of probe field can be achieved and tuned by adjusting the phase and amplitude of the mechanical driving field. Moreover, the strength of the output field at the frequency of optical four-wave-mixing (FWM) field also can be controlled (enhanced and suppressed) by tuning the phase and amplitude of the mechanical pump. We show that the power of the output field at the frequency of the optical FWM field can be suppressed to zero or enhanced so much that it can be comparable with and even larger than the power of the input probe optical field.
I. INTRODUCTION
The field of optomechanical system that a movable mirror couples to a high-quality cavity via radiation pressure force has drawn much research attention in the past several years [1] [2] [3] [4] . One of the motivations is that optomechanical system is an important candidate for signal transmission and storage. In analog to the optical responses in atomic system, a form of induced transparency called optomechanically induced transparency (OMIT) was pointed out theoretically [5] . Soon afterwards, the phenomenon of OMIT as well as optomechanically induced absorption and amplification was reported for observing in various optomechanical systems [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . One important result concomitant with the modification of the optical response is a dramatic variation of the phase of the transmitted field and this will lead to a positive or negative group delay of the propagating field. Based on the OMIT, optomechanically induced absorption and amplification, optomechanical systems may be used for storage of optical signals [16] [17] [18] [19] [20] , and the slowing, advancing and switch of optical pulses have been demonstrated experimentally [8, 12] .
Moreover, if an optomechanical cavity is driven by a strong coupling field with frequency ω c and a weak probe field with frequency ω p , then, due to the optical radiation pressure, besides the fields at the applied field frequencies ω c and ω p , a optical four-wave-mixing (FWM) field with frequency 2ω c − ω p will be generated in the system. The FWM field induced by the radiation pressure in optomechanical systems has been investigated theoretically [21, 22] , and it was shown that the strength of the FWM field can be enhanced by increasing the pump power of the strong coupling field. However, usually the power of the output FWM field is still much less than the power of the input probe field, and to our knowledge there is * Electronic address: liyong@csrc.ac.cn no experimental report on the demonstration of FWM field in optomechanical systems to date.
Recently, the optical response properties in an optomechanical system with the mechanical resonator driven by an additional mechanical field was considered theoretically [23] . It was found in Ref. [23] that the optomechanically induced transparency, amplification or absorption for the probe field can be controlled by adjusting the phase and amplitude of the strong coupling field. In experiments, by applying both optical and mechanical driving fields to a multimode-cavity optomechanical system with both the optomechanical coupling and parametric phonon-phonon coupling [24] , a cascaded optical transparency was observed and the extended optical delay and higher transmission as well as optical advancing were demonstrated.
Based on the optomechanical system with a mechanical pump [23, 24] , in this paper we investigate in detail how to control the properties of the optical output fields from the cavity by adjusting the phase and amplitude of the mechanical pump. In the optomechanical system under consideration, the cavity is driven by a strong coupling optical field with requency ω c and a weak probe optical field with frequency ω p , the mechanical resonator is driven by a coherent mechanical field with frequency ω q . Due to the parametric coupling between the optical and mechanical modes, there are two kinds of optical components in the output field of the optomechanical system: the one induced by the strong coupling and weak probe optical fields with frequencies ω c ± mδ (δ ≡ ω p − ω c ) and the one generated by the strong coupling optical field and the mechanical driving field (sidebands) with frequencies ω c ± nω q , where m and n are integers [25] [26] [27] . In particular, when the resonant condition ω q = δ ≡ ω p −ω c is fulfilled, the destructive or instructive quantum interference between these two kinds of optical output components provides us a way to control the properties of the optical fields output from an optomechanical system. For example, the optical delay of the output field at the frequency of optical probe field with fre-quency ω p = ω c + ω q can be tuned accordingly by adjusting the phase and amplitude of the mechanical driving field. Moreover, the strength of the output field at the frequency of the FWM field 2ω c −ω p = ω c −ω q can also be controlled (i.e., enhanced and suppressed) by tuning the phase and amplitude of the mechanical driving field. This paper is organized as follows: In Sec. II, we introduce the theoretical model of the optomechanical system with the driving of a strong coupling optical field, a weak probe optical field, and a mechanical pump. In Sec. III, the properties of the sidebands induced by parametric coupling in this optomechanical system is discussed. The effect of the mechanical driving field on the group delay of the output field at the frequency of probe optical field is investigated in Sec. IV. In Sec. V, the output field at the frequency of the FWM field with the presence of mechanical driving field is studied. We draw our conclusions in Sec. VI.
II. THEORETICAL MODEL
We consider an optomechanical system consisting of a single-sided optical cavity with a moving mirror (mechanical resonator) in the right-hand side [ Fig. 1(a) ]. The optical cavity is driven by a strong coupling field (amplitude ε c , frequency ω c ) and a weak probe field (amplitude ε p , frequency ω p ) from the left-hand side. A mechanical pump of strength Ω m = 2ε m cos (ω q t + φ m ) (amplitude ε m , frequency ω q , phase φ m ) is applied to the mechanical resonator via a tunable ac voltage source. In the rotating frame at the frequency of the optical coupling field ω c , the Hamiltonian of the system is given by
where a (a † ) denotes the bosonic annihilation (creation) operator of the cavity mode with resonance frequency ω a in the absence of moving mirror; q and p are the dimensionless displacement and momentum operators of the moving mirror with resonance frequency ω m . ∆ a = ω a −ω c (δ = ω p −ω c ) is the frequency detuning between the cavity mode (probe field) and the coupling field. We assume that ε c and ε p are real, and φ p is the phase difference between the probe and coupling fields. This Hamiltonian (1) can also be realized by a micro-wheel cavity with optical mode coupling to a mechanical pinch mode through radiation pressure force [ Fig. 1(b) ] and the mechanical pinch mode is piezoelectrically driven by a radio frequency signal as in Ref. [24] .
By the Heisenberg equations and the factorization assumption like qa = q a , one gets the mean value equations for the operators of the optical and mechanical modes
(Color online) (a) Schematic of the optomechanical system for a Fabry-Perot optical cavity with a moving mirror (mechanical resonator). The optical cavity is driven by a coupling field and a probe field from the left-hand side. A mechanical pump Ωm is applied to the mechanical resonator via an ac voltage source. (b) Experimental setup of the micro-wheel optomechanical system for optical mode coupling to a mechanical pinch mode through radiation pressure force, where the mechanical pump is realized by piezoelectric drive with radio frequency signal [24] .
where γ m is the mechanical damping rate; γ a = γ a,0 + γ a,e is the cavity damping rate, including the intrinsic loss γ a,0 and the damping through the left-side mirror γ a,e .
Firstly, we examine the mean values of the operators in the steady state and denote α 0 and q 0 the (zeroth-order) steadystate mean values for the cavity field and mechanical displacement when ε p → 0 and ε m → 0. The mean values in the steady state can be expressed as
where ∆ = ∆ a + gq 0 is the effective detuning. Generally, the mean values can be written as the sum of the steady state mean values and the time dependent ones, i.e., a = α 0 + α (t) and q = q 0 + q (t). Since the probe optical field and mechanical driving field are much weaker than the strong coupling optical field, i.e., {|ε p | , |ε m |} ≪ |ε c |, we have |α 0 | ≫ | α (t) | and |q 0 | ≫ | q (t) |, then Eqs. (2) and (3) can be linearized by keeping the linear terms of the small time-dependent values,
where G = gα 0 is the effective optomechanical coupling rate. With using the ansatz:
one can obtain the solution of the coefficients as
where the mechanical effective susceptibility
Note that in the right hand of Eq. (8), the first term means the optical probe field with frequency ω p , the second terms represents the FWM field with frequency 2ω c − ω p ≡ ω p − 2δ, the third and fourth terms stand respectively for the (first) upper and lower sidebands generated by the strong coupling optical field and the mechanical driving field with frequencies ω c ± ω q .
Using the input-output relation [28] , the optical field output from the optomehcanical cavity is given by
The output field at the frequency of the probe field (ω p ) is obtained as (normalized to the input power of the optical probe field)
and the FWM field (frequency 2ω c − ω p ) in the output of the cavity is given by
Besides, due to the mechanical driving field, there are two sidebands (t u for the upper sideband ω c + ω q and t l for the lower sideband ω c − ω q ) generated in the output field with the amplitudes
which are normalized to the power of the mechanical driving field.
If the frequency of the mechanical driving field is equal to the frequency detuning between the probe and coupling fields, i.e., ω q = δ ≡ ω p − ω c , then the output field at the frequency of the probe field is obtained as (normalized to ε p e −iφp )
where η = ε m /ε p , φ = φ p − φ m . The group delay τ g is defined by [6, 8, 12 ]
where θ = arg (t pu ) is the phase dispersion of the output field at the frequency ω p = ω c + ω q . The definition allows for a negative group delay (τ g < 0) which corresponds to the advancing of the probe field. At the same resonant condition, the optical FWM field (with frequency 2ω c − ω p ) and the lower sideband (with frequency ω c −ω q ) have the same frequency, then the output field at the frequency of the FWM field (2ω c − ω p = ω c − ω q ) is given by (normalized to ε p e −iφp )
From Eqs. (22) and (24), the output fields are the coherent addition of the two parts (from the optical probe and the mechanical pump, t p and ηt u or t f and ηt l ), and the relative amplitude η and phase difference between them φ can be used to control the properties of the output fields.
In the following sections, we will investigate the properties of the optical fields output from the optomechanical system numerically by the equations obtained in this section. In the numerical calculations, we use the parameters from a recent experiment [24] : ω m = 2π × 1.094 GHz, γ a = 2π×0.255 GHz, γ a,e = 0.2γ a and γ m = 2π×16.8 kHz. Without loss of generality, G is assumed real and positive in the following discussions. Here and afterwards, we fix ∆ = ω m , which provides the optomechanical cooling for the mechanical resonator and is widely applied in the previous works on OMIT [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] .
III. MECHANICAL PUMP INDUCED SIDEBANDS
In this section, we will discuss about the sidebands induced by the mechanical pump given by Eqs. (20) and (21) . Here, we only consider the first sidebands (upper sideband with the frequency ω c + ω q and lower sideband with the frequency ω c − ω q ) by taking the linear approximation in the derivation of Eqs. (20) and (21) . The effect of higher-order sidebands can also be discussed by considering the nonlinear terms as in Ref. [27] . Figure 2 shows the strength of the output fields at the first-sideband (|t u | 2 and |t l | 2 ) as functions of the detuning (ω q − ω m )/γ m [panels (a) and (b)] and the optomechanical coupling rate G/2π [panels (c) and (d)]. There is a peak for the power spectrum of the output field at the first-sideband around the point ω q = ω m , and the linewidth of the spectrum is broadened with the increase of the optomechanical coupling rate. Moreover, the strength of the output field at the firstsideband is much stronger than the mechanical driving field (|t u | 2 > 1 and |t l | 2 > 1) around the resonate point ω q = ω m , and the strength of the output field at the first-sideband is dependent on the strength of the optomechanical coupling rate.
As shown in Fig. 2 (c) and 2(d), the strength of the output field at the first-sideband increases fast with the optomechanical coupling rate and reaches the maximum around G = 2π × 2.1 MHz, which is consistent with the analytical result of the optimal value G om ≃ √ γ a γ m = 2π × 2.1 MHz from Eqs. (11) and (18) . As the incease of G above the optimal value G om , the strength of the output field at the first-sideband decreases slowly with the optomechanical coupling rate because of the fast broadening of the spectrum when G becomes large.
IV. OPTICAL DELAY AND ADVANCING
As have been mentioned in the introduction, the optical response properties in an optomechanical system by coherently driving the mechanical resonator were investigated in Ref. [23] , and optomechanically induced transparency, absorption and amplification are predicted for the probe field by adjusting the phase and amplitude of the coupling optical field. In addition to that, group delay is another important parameter to describe the optical responses. In this section, with Eqs. (22) and (23), we will show that the optical positive or negative group delay of the output field at the frequency of optical probe field can be controlled by adjusting the phase and amplitude of the mechanical driving field.
The output spectrum |t pu | 2 as a function of the detuning between the probe and coupling fields is presented in Fig. 3(a) and (c). In the case without the mechanical pump (η = 0), there is a low efficient transparency window with transmission rate |t pu | 2 ≈ 0.54 at δ = ω m . When the mechanical pump is applied to the mechanical resonator with η = 0.01, the transparency of the probe field will be enhanced with transmission rate |t pu | 2 ≈ 0.95 for φ = 0 or suppressed with transmission rate |t pu | 2 ≈ 0.25 for φ = π. This is similar to that reported in Ref. [23] . In order to reveal more about the origin for the enhancing and suppressing of the output field induced by the mechanical pump, we show |t p | 2 , |ηt u | 2 , and |t pu | 2 as functions of the normalized amplitude of the mechanical pump η in Fig. 4 . When φ = 0, there is constructive interference between t p and ηt u , and one can find |t pu
around η = 0.031 as shown in Fig. 4(a) . When φ = π, there is destructive interference between t p and ηt u , and one can find the strongest destructive interference |t pu | 2 ≃ 0 around η = 0.031 as shown in Fig. 4(b) .
The phase dispersion and the group delay of the output field at the frequency of the probe field are shown in Fig. 3(d) and Fig. 5(a) , respectively. The enhancement of the optical transparency leads to faster variation of the phase [see the red dash line in Fig. 3(d) ] and therefore larger optical group delay of the output field [see the red dash line in Fig. 5(a) ]. Conversely, the suppression of the transparency induces negative derivative of the phase with respect to the frequency [see the blue short dash line in Fig. 3(d) ] and negative group delay, that is the advancing of the output field [blue short dash line in Fig. 5(a) ].
The effects of the mechanical pump on the group delay of the output field at the frequency of the probe field are shown in Fig. 5. From Fig. 5(a) and (b) , the delay can be increased by the mechanical pump (η = 0.01) with phase φ = 0 or tuned to negative value when φ = π. The group delay as a function of the amplitude η of the mechanical pump and phase φ is given in Fig. 5(c) and (d) , and the tunable group delay (positive and negative) of the output field at the frequency of the probe field can be realized efficiently by adjusting the amplitude and phase of the mechanical pump.
The group delay as a function of the amplitude and phase of the mechanical pump is shown in Fig. 6(a) . This plot shows that the group delay varies fast around the point η ≃ 0.031 and φ = π, i.e., it can be tuned from the strong negative delay for η a little smaller than 0.031 to the strong positive delay for η a little larger than 0.031 at fixed φ = π. This fast variation of group delay induced by the mechanical pump is associated with the changing from the absorption to the transparency of the probe field in the transmission spectrum as shown in Fig. 4(b) . In addition, the group delay as a function of η for different values of the effective optomechanical coupling rate G is shown in Fig. 6(b) . Much longer maximal possible delay (advancing) can be obtained for smaller G. 
V. CONTROL THE OUTPUT FIELD AT FREQUENCY OF FWM FIELD
The FWM field in standard optomechanical system has already been studied in some previous literatures [21, 22] . It was shown that the signal of FWM can be enhanced and exhibits normal-mode splitting as the increasing of the power of the coupling field (or the effective optomechanical coupling rate G) [21, 22] . The output FWM spectra in the absence of mechanical pump is shown in Fig. 7 . There are two features for the FWM enhancement by the increase of G [21, 22] : (i) the linewidth of the FWM spectra is broadened with the strengthening of the FWM field; (ii) the strength of the FWM field will reach a saturation point [|t f | 2 sat ≈ (γ a,e /ω m ) 2 ] by the increase of G and the saturation strength is much smaller than the input probe field (about 2.2×10 −3 for the parameters given in Fig. 7) . In this section, with Eq. (24), we will show that the strength of the output field at the frequency of the FWM field also can be controlled by the mechanical pump.
In Fig. 8 , the normalized strength of output field at the frequency of the FWM field |t f l | 2 is plotted as a function of the detuning (δ − ω m )/γ m for different values of the amplitude of the mechanical pump. When φ = 0, with the strengthening of the mechanical pump, |t f l | 2 increases significantly [ Fig. 8(a) ]. When φ = π, with the strengthening of the mechanical pump, |t f l | 2 are suppressed almost completely for η = 0.005 as shown in Fig. 8(c) . |t f l | 2 becomes comparable and even larger than the strength of input probe field with the further increase of η for both φ = 0 and π as shown in Fig. 8(b) and (d) . The linewidth of the output field at the frequency of the FWM field is almost fixed.
To explain the enhancing and suppressing of the strength of output field at the frequency of the FWM field induced by the mechanical pump, we show |t f | 2 |, |ηt l | 2 and |t f l | 2 as functions of the normalized amplitude of the mechanical pump η in Fig. 9 . When φ = 0, there is constructive interference between |t f | 2 and |ηt l | 2 , e.g., Fig. 9(a) . When φ = π, there is destructive interference between |t f | 2 and |ηt l | 2 , e.g., |t f l | 2 ≃ 0 around η = 0.0059 as shown in Fig. 9(c) . By further strengthening the mechanical pump, the strength of output field at the frequency of the FWM field increases monotonically with no saturation behavior, as shown in Fig. 9(b) and (d) . The normalized strength of the output field at the frequency of the FWM field becomes larger than 1 when η > 0.38 and this mainly comes from the output field at the lower sideband induced by the mechanical pump.
Analytically, from Eq. (24), the output field at the frequency of the FWM field will vanish (t f l = 0) at δ = ω m when the amplitude and phase for the mechanical pump satisfy
With the parameters using in Fig. 9 , that is, G = 2π × 1.5 MHz, ∆ = δ = ω q = ω m , and γ a = 2π × 0.255 GHz, one can find from Eq. (25) that the output field at the frequency of the FWM field will vanish (t f l = 0) when η ≃ 0.0059 and φ = π. This agrees well with the numerical result shown in Fig. 9 (c).
VI. CONCLUSIONS
In summary, we have investigated the properties of the optical output fields from an optomechanical system in the presence of a strong coupling optical field, a weak probe optical field, and a mechanical pump. We demonstrate that the optical delay of the output field at the frequency of optical probe field can be tuned by adjusting the phase and amplitude of the mechanical driving field. This result may have potential applications in quantum information storage and transfer by realizing long optical delay or advancing in optomechanical systems. Moreover, the strength of the output field at the frequency of FWM field can also be controlled (enhanced and suppressed) by tuning the phase and amplitude of the mechanical driving field. The enhancing or suppressing of the output field at the frequency of FWM field is induced by the interference between the FWM field and the lower sideband field and it is worth mentioning that both of them are generated by the nonlinear processes. The efficient enhancing of the output field at the frequency of FWM field by a mechanical pump may provide a route to demonstrating FWM in the optomechanical systems experimentally.
